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Ising Models on the Lattice Sierpinski Gasket

Yasunari Higuchi' and Nobuo Yoshida**
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Ferromagnetic Ising models on the lattice Sierpinski gasket are considered. We
prove the Dobrushin-Shlosmann mixing condition and discuss corresponding
properties of the stochastic Ising models.

KEY WORDS: Ising model; lattice Sierpinski gasket; Dobrushin-Shlosmann
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1. INTRODUCTION

This work originates in an attempt to understand more about the enormous
difference between one-dimensional and two-dimensional Ising models.
Our interest in the lattice Sierpinski gasket comes from its geometrical
character as a cross between the one-dimensional and the two-dimensional
lattice. The lattice Sierpinski gasket is locally two dimensional, since each
point in the lattice has four nearest neighbors. However, it is in a sense
closer to the one-dimensional lattice. For example, there exists a sequence
{W/}., of finite sets which increases to the whole lattice keeping
[0W,| =8. It is therefore reasonable to expect that a fairly strong mixing
property survives for an Ising model on the lattice Sierpinski gasket even
at low temperature. The purpose of this article is to vindicate this expecta-
tion from both the static and dynamical points of view. Before we can state
the results precisely, we have to introduce a long sequence of definitions
and notations.
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The Lattice Sierpinski Gasket. We will denote the usual
Euclidean distance on R? by d(x, y) = |x — y|. We define x*=(—x,, x,) for
x=(x,,X,)eR? and 4*={x* xed} for A<R> Set x,=2/(1,0) and
y,=21/2, \/5/2) (I=0,1,...). Starting with A, = {0, x¢, yo}. We construct
a sequence (A4,);~, of finite subsets in R* inductively by

A/+1 = U A,
v=0

where

A, if V=0
Al.v= A/+x, lf v=1
A/""_]’, lf v=2

Now, we set W,= A} u A, and define the lattice Sierpinski gasket G by
G=) W,
1=0

The number of points contained in 4 < G will be denoted by |A4| and we
write A cc G when A= G and 1 < |4] <o0. A set Wee G is said to be an
[-pair with the joint g € G if there exists {x, x'} = G such that
W=(A,+x)u(A,+x)
{g} =(A,+x)n(4,+X)
For example, W, is an /-pair with the origin as its joint.

The set B of bonds in G is a subset of {{x, y} =G; |x—y|=1} defined
as follows. Let By={b<=A,; |b| =2} and

B/+l= O B/_,,, =0, 1,..
v=0
where
B, if v=0

B,,=<{b+x;beB} it v=1
{b+yl,b€B/} lf V=2
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Finally, define B by

B={) B*UB,

n=0

where B¥ = {b*: beB,}. For a set 4 <G, we also define
B,={{x.y} €B;(x.y)e A%}
oA={{x.y} eB;xed, y¢ A}
OuA={xeA; xebforsomebedd}
O A=1{x¢A; xebforsomebecdd}

The Configuration. The set of all spin configurations of
S={-1,1} on A =G is denoted by S,

S'V"‘—‘{Uz(a.\').\'e/l;a.\'es}’ A<=G

As usual, S is endowed with the product topology inherited from the
discrete topology on S. In S, the following partial order is introduced:

’

c<0o if o.<0) forall xed

Clearly, the maximal and the minimum element in this partial order are
+1 and —1, which are respectively the configurations with all spins +1
and —1. For f;8"—R and xe 4, we set V_ f(g)=f(c")—f(g), where
0*=(07)yc4 is the confuguration obtained from ¢ by flipping the spin
at x,
{ o, if y=x

gy = .
! G, if y#x

For § — R, we introduce the notations

d,={xe4;V_fisnotidentically zero}

1= sup |f(o)l
A= % 19,71

xed

Function spaces 4 and %, (4 — G) are defined respectively by
¢={fS°>R;|4,| <o}
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The Local Specification. For a measure m on some measurable
space, we wil use the following abbreviations

mf=ffdm

m(f; g)=m(fg)—mf -mg

whenever the integrations make sense. Fix J=(J,),eR® and h=
(h,).€R% We will refer to J, h, and the pair (J, h) respectively as the
coupling constants, the magnetic field, and the interaction. For A cc G and
we S®, the Hamiltonian H , , € % , is defined by

_Hd.w(a) = Z J{,\'. ¥t 0,0, + Z Oy <h,\' + Z J{.\'. vl (0.,,>

{x.r}eBy xed rmix vl eéd

The (J, h)-local specification is a family {u**; Ac=G, we S} of Borel
probability measures on ¢ defined by

P/'(fexP — Hxl.w))
pA exp - H./l.w

'uA.(uf= 60) <

where p is the 1/2-Bernoulli measure on X! and J, is the Dirac delta
measure concentrated on the configuration w.

The Infinite-Volume Gibbs State. A Borel probability measure
(i 1s called a (J, h)-infinite-volume Gibbs state or simply a (J, h)-Gibbs state
if it solves the following Dobrushin—Lanford-Ruelle equation:

w1t f)=pf, VA ccG, Vie% (L.1)

By a slight extension of the arguments in ref. 2, p. 356, we see that if
sup, g || < o0, then there exists a unique (J, h)-Gibbs state # on S°. This
in turn implies that

lim sup |u*“f—uf]=0 foral fe¥ (1.2)
ATG weSY

[see ref. 5, p. 120, (7.10), for example].

The Stochastic Dynamics. We introduce now for the above
Ising model the time evolution called the stochastic Ising model or Glauber
dynamics. To do this, we now suppose there exist J = 0 and /1 = 0 such that
Je[—J,J]® and he[ —h, h]°. We define for each xeG an operator
A, 6—% by A, f=c,V,f, where the flip rate ¢,: S°— (0, o) is a func-
tion on which we assume the following:
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(R-1) Boundedness: There exist positive constants ¢(J, #) and & J, k)
such that

coJ,h)y<clo)<ald, h) forall (x,o0)eGxS°¢

(R-2) Finite range: There exists r 2> 0 such that V,c =0 if [x — y| > r.
(R-3) Detailed balanced condition:

Vicedo)exp—-H,, (o)} =0 forall xeG (1.3)
We introduce the stochastic Ising model in a finite set 4 c< G with the

boundary condition we S°. We define an operator 4*“; € — € by

Arf(o)= ) A flol, ol ), fe¥%
xed
where o| , - w| 4 denotes the following configuration:
. if xed
N if x¢A

ag

(gl ‘(UIA‘)X={

@

We then have

_“/Lm(AfA‘ng) =% z ,UA'm(C,nyfo g)’ {f; g} c (g (14)

xeA

We set
T/ =exptA™”, (>0

A" and T;"“ can also be regarded as operators from %, into itself.

2. RESULTS

We will show the following property for the local specification, which is
called complete analyticity or the Dobrushin—-Shlosmann mixing condition.

Theorem 2.1. For any J>0, there exists Cye (0, c0) such that the
following holds for any Je[0,J]% heRY AccG, y¢ A4, and fe6,:

[ oWy d(A s y)
sup |ut”f =" f1 < Co |If |l exp — =5 (2.1)
we SO 0

Starting from Theorem 2.1, we can derive ergodic properties of the
stochastic Ising model.
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Theorem 2.2. For any J >0 and 4 >0, there exists {C,, C,, C;3} =
(0, ) such that the following hold for any Je[0,J]® he[ —h h]°,
Acc G, and fe%,:

() we(f—ptmf<C Y w1 (22)
xed
(i) pe <f2 log —"—>< G Y wt (v ) (23)
/l,l.m(f_) = =, Ay
(i) ITef =t | < CUf) exp = (24)

where C(f) >0 is a function of f € %, which does not depend on the choice
of A4 and w.

Proof. The equivalence of the conditions (2.1)-(2.4) is well estab-
lished in the cubic lattice case (e.g., refs. 13 and 10) and almost the same
proof works in our setting. So we will just indicate the references. It is well
known that (ii) implies (1) [ref. 3, p. 224, (6.1.7)]. Using Theorem 2.1, we
can prove (ii) just in the same way as ref 10, Theorem 3. With (ii) in
hand, we can follow the arguments in ref. 12, Lemma 2.9 to conclude (iii).

QED

3. PROOF OF THEOREM 2.1

In this section, we will prove Theorem 2.1. We assume that the coup-
ling constants J satisfy J e [0, J1® for some J = 0. For the moment, we will
consider for each 4 == G a magnetic field h=(4"),. ,e R", which may be
A-dependent. We define a probability measure u“*" on X! by

p(fexp—H ,,)

Abg , % 3.1
W plexp—H,, feb, (3.1)
where
—H, (o)=Y J. .00+ Y hlo, (3.2)
{x. v} eBy NE.

When /7 =0, we will omit the index h:

A __ ,,Ah
w=p |/,j"so

H, =H,l.h|/l_‘“50
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The measure u" defined above will be called the finite-volume Gibbs state
with respect to the Hamiltonian (3.2), to which we can apply standard
correlation inequalities such as FKG, GHS, GKS1, and GKS2."* Also, the
following inequality due to E. Lieb is useful for our purpose.

Lemma 3.1."®" Suppose that Xcc G, Ycc G, h* =0, and h!'=0.
Then, for any (x, ) e X\Y x Y\X,

Hy+ H y(

0.0,)< ) wMo.o)ur "o a,) (3.3)

zeXnY

U

where

p¥Y (S exp(—Hy— Hy))

Hy+ Hy - " 4
s 4 pYV Y exp(—Hy—Hy)

Proof. This is (20) of ref. 8. QED

Although G is not a homogeneous object like Z“, the nonhomogeneity
can be circumvented by the following simple observation.

Lemma 3.2. For each xeG and /eN, there exist /-pair U, .,
(I+ 1)-pair V,_, ., and a point ¢, .€ G such that the following hold:

(i) xeU,,.

(i) U,,and V,,, . have ¢, as the common joint.

Proof. For any /e N, there exists X, G such that G= |y, (x + 1.
Let us call each x+ A4, (xeX,) an [l-cell. For each (/4 1)-cell A, there
exist another three (/4 1)-cells {4}’ | such that {AuLAY} | are
(/+ 1)-pairs. This implies that for any xeA, there exists a triple

{Uie+ Vi1 40y, with the desired properties. QED

Lemma 3.3. For any J=0, there exists C,e€(0, o) such that the
following holds for any A <cG, (J,),€[0,J]8 and (1), e[0, 0)"'yU
(—o5, 01

|x =y
C

4

0<pu™™o,;0,)<Cyexp— forall {x,yjca (34)
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Proof. The left-hand-side inequality is nothing but the FKG
inequality. To prove the right-hand-side inequality, it is sufficient to con-
sider the following special case:

J,=J, VbeB (3.5)
hi=0, YAcc G, VYxed (3.6)

In fact, u"**o,; 0,) is an even function of (1), . ,€R“, and is nonincreas-
ing in [0, c0)? by the GHS inequality. When he [0, o0)*, u"Mo;0,) is
also a nondecreasing function of J by the GKS2 inequality. Therefore, if
(h) e €0, 00)"'u(—o0,0]", then

/ll‘l.h( 0"\.; O-.r) g/l/'.h( O'_\.O'J.)I/,.-\' =0Jp=J
In view of this, we will assume (3.5) and (3.6). We will divide the rest of

the proof into three steps, in which we will abbreviate u""o.0,) by
a(x, v) and (x,+,)/2 by z,.

Step 1. We first show that
o, =0, .\‘,)—1_1» 0 (3.7)

To see this, we consider the unique infinite-volume Gibbs state ¢ for J,=J
and &, =0. Then, (1.2) implies that

Ilirr_) (0, x,)=0

while (1.2), FKG, and GKS2 yield

sup w0, ;) =u(0, x))

Ace G

Combining these two, we obtain (3.7).

Step 2. Define d,e[0, 1] by
d,=max{p" Nz ) ce W, 2 €0 Wi} (3.8)
We next prove that

l— o

o0,—— 0 (3.9)
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Set Y,={xe W,,;|x| >2'}. We then have H,,  =H,, + H,, Therefore,
for ze W\0,, W, and =' €d,,, W, ,, we have by Lieb’s inequality (3.3)

m ”"I+I(:’ _.’) < z T W’(Z, w)ﬂ l'Vl+l(“y‘ Z')

w e diy W1

and thus
S, <dmax{u"(w, 2", we b W, 2 €0 Wi} (3.10)

We now estimate the right-hand side of (3.10). Because of the symmetry
which comes from the assumptions (3.5) and (3.6), we have only to con-
sider the following three correlations:

T Xy M ) T N
For u""*'(x,, x;, ), we have by Lieb’s inequality that

g, X )

y o+ x XX AT
<!1.11_1+(.\I+.\[+|)/2 <'\'I+l’ + ,Ll”“l > , -\-I

2 2
+ﬂA/-| (X X112 <'\-!+ . l—'#) i Hin <\I+If+:l+‘, .\‘/>
< 2a;_
Similarly,
B ) SR v T (g x)
F " s 2 (L X))
< 2a
and

Yl Wis X, XF) g/‘/lrﬂ(-\'h 10 p (0, x))

S0y

Therefore, (3.7) implies (3.9).

Step 3. We are now in a position to conclude (3.4). The following
argument will be reminiscent of the proof of ref. 11, Theorem 1.2. Take
/e N satisfying

49,<exp —1 (3.11)
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We may assume that |x — y| > 2/ and hence that n2' < |x —y| < (n+1)2’ for
some n=1, 2,... We may also assume that 4> {zeG; |x—z|<(n+1)2}.
For each ze 4, take a triple {U,., V,,,.,q,-} in Lemma 3.2; then we
obtain by Lieb’s inequality and (3.11) that

pi < Y w ) ety x)

1€ it Vyg,x

< Y X M)

vy € Oin Vi 4 ey tn€ P Vig1 tn
Viern, s A
X -l el "_I(l’n—l’ l’,,)/l (U,,, y)
<(49))"

<exp —n

<exp <l -~ l'\‘z_,ﬂ)

which proves (3.4). QED
Proof of Theorem 2.1.

Step 1. We will prove that

|x =yl
4

0<u™™o,;0,)< Cyexp— (3.12)

for all A cc G and he R, where C, is the constant which appears in (3.4).
The left-hand-side inequality is nothing but the FKG. To show the right-
hand-side inequality, define a bijection

(O'l,G'z)E(S")Z
(ot )eT:={(c",07)e{0, 1} (a7 )V +(a, )V =1}
by o =(0! +¢2)/2. We then have that
—H,(6")—H (07)

= X Jwnloyoptaion)+ ) (hoi+hior)

{x.reBy xNeAd
= ) 2 lefol+oal)+ Y 2hial
{vrieB, ved

= —2H, (0*)=2H ,0c") (3.13)
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and thus, for a function f'= f(a', 6°) on (§7)°,

Zﬂ'.n‘zfexp _2{H.»l,h(0-+ ) + HA.()(J_ )}
(Z/I,J.h)l

where u "=yt and Z*M =3 _ciexp—H , (o). Also, it easy to see
that

(/J/I.J.h ®”A.J.h))f'=

(3.14)

,llA'J'h(O'_V; O-y) — %,U A.J.h ®# _.‘].J.h(a; a,‘—) (315)
By (3.14) and (3.15),
Z(Z‘A.J.h)Z u A.J.h(ax; a.-v)

= Z 0.0, €Xp —Z{H',_h(aJ*)—l-H/,_O(a—)}

[Pkl
F,a"

= Y oo exp—2{H, (c%)+H,07)}

(c*.671eT

Z o;o, exp —2{H , (6*)+H ")} (3.16)
=}

N =+lonl/l,
ot
\

Lol
=x1lon\I"

In the fourth line, we have decomposed the summation over (¢*,67)eT
according to the “support” I of ¢ ~. The following trivial observation has
also been used:

H, a7 )=Ha7) if 6-=0 on A\l

By (3.15) and Lemma 3.3, we have that

Y o707 exp —2H o067 ) =22 "M Yg g.)
amel -l +1}" ’ )
5.2 |.\‘—}’|
<2C, 27 % exp — c.
Plugging this into (3.16), we end up with
(316)<2C, T 270z ey X (3.17)
'ed C4
Now, by repeating similar computations, we have
(Z1Jh Z Zl 7.]02/[\] 2J.2h (318)

reA

Putting (3.16)—(3.18) together, we conclude (3.12).
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Step 2. We will prove (2.1). We first assume that f(g)=0. (z€ A).
In this case, we obtain

Il

Sup |#A.u)"(a.:) —u A.w(a:)l
we SC

'd o
'[Eg—,u/‘ (c.)df
(V]

1
-2 Z J{.l'.v} (U”#A.h(())(a.:; 0',,)

0
(3.19)

ved: lv—y|l=1

where we have defined the mgnetic field h(&) by

hi=h,+ > Jiewi{boh +(1-0) 0}

we A |w—xi=1

But we have by (3.12) that

WM Ng g, )< C,exp— lv—2|
C,
|y—z]—1
<C, exp—y—C4—

Plugging this into (3.19), we obtain (2.1) for the case f(o)=o0.. The
general case follows from ref. 1, Lemma(2.1). QED
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